I. INTRODUCTION AND MAIN RESULTS
The mountain pass theorem of Ambrosetti-Rabinowitz [1] is a useful tool for establishing the existence of critical points for non-linear functionals on infinite dimensional spaces and consequently for finding solutions to some non-linear differential equations via variational methods. For a survey, see Nirenberg [6] and Rabinowitz [10] . In this theorem, one considers on a Banach space X, a real valued C1-function cp that verifies a compactness condition of Palais-Smale type and which also satisfies the following condition:
There exists a sphere SR centred at 0 with radius R > 0 such that b = inf ~ cp (x); x e > (0), cp (e) ~ = a where e is a point outside the
The classical theorem of Ambrosetti-Rabinowitz gives then the existence of a critical point xo (i. e. cp' (xo) =0) different from 0 and e and with critical value c > b > a (i. e. cp (xo) = c). Moreover, c is given by the formula c = inf max cp (g (t)) where 1, is the space of all continuous paths joining 0 g E r t to e.
In this case, the critical value occurs, because 0 and e are low points on either side of the "mountain range" SR so that between 0 and e there must be a lowest critical point or "mountain pass". In [7] it is asked whether the conclusion of the theorem remains true if the "mountain range" separating 0 and e is assumed to be of "zero altitude" ( i. e. if c = b = a), and whether in this case the "pass" itself can be chosen to be on the mountain range ( i. e.11 Xo II =R).
In this paper we formulate a more general principle which besides giving the existence of critical points, provides some information about their location. It will contain the theorem of Ambrosetti-Rabinowitz and will give a positive answer to the problem of the "limiting case" mentioned above. Moreover, this principle can also be used to give simple proofs for stronger versions of some of the recent results of Hofer [3] , [4] and PucciSerrin ( [7] , [8] , [9] [2] ).
The following is now immediate:
THEOREM (1. bis). -Let X, cp, ~ u, v ~, c and F be as in Theorem ( 1 ) .
Assume cp verifies (PS)F. ~, then:
7here exists a critical point cP on F with critical value c.
In the theorem of Ambrosetti-Rabinowitz [1] ([3] , [4] ) and Pucci-Serrin ( [7] , [8] , [9] ) concerning the structure of the critical set in the Mountain Pass theorem. We recall the following notions: Let X, cp and c be as in Theorem ( 1) . Denote [8] concerning the structure of the critical set.
We would like to thank I. Ekeland for bringing to our attention the reference [11] after a first version of this paper was written and also for his invaluable help in preparing this revised version. In that paper ( [11] ) another proof of the "limiting case" which uses the deformation Lemma is given.
Extensions of the above results to the case of "higher dimensional links" will be investigated in a forthcoming paper [12] . II (2) and ( 1) dist ( x, F) E ~ .
Vol. 6. n ~ 5-1989.
